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» Linear Complementarity Problem (LCP) An NP-complete QE Problem

g € R", M e R™" LCP(q, M) is the following sentence

w=q+ Mz

n
dw, z € R", 0<wlz>0

Linear and quadratic Programming
Several applications in engineering, economics etc.
The LCP Book by Cottle, Pang and Stone (1992)
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» Linear Complementarity

0<wlz>0

if and only if
w>0ANz>0Aw.z=0

if and only if

Vi, wi > 0Nz >0Awzi=0
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» Related classes of Matrices

M is a O-matrix: there exists a solution for all g.

w=q+ Mz

h n
Vg e R", dw,ze R", 0<zlw>0
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» Related classes of Matrices

Mis a : there exists a solution for all g.

w=q+ Mz

h n
Vg e R", dw,ze R", 0<zlw>0

Mis an : there exists a partial solution for all g.

w=q+ Mz

n n
Vg e R" dw,ze R", Ny
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» Related classes of Matrices

Mis a

M is an

Mis a

: there exists a solution for all g.

w=q+ Mz

h n
Vg e R", dw,ze R", 0<zlw>0

: there exists a partial solution for all g.

w=q+ Mz

n n
Vg e R" dw,ze R", Ny

: there exists unique solution for all g.

w=q+ Mz

n | n
Vg e R" dlw,ze R", 0<zlw>0
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» Feasibility, Solvability, Partitioning
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» State of affairs somehow unsatisfactory...

578 J Glob Optim (2010) 46:571-580

5 Matrix class inclusion map

See Fig. 1.
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» Time complexity of recognizing a Q-matrix Mis fixed

Cylindrical Algebraic Decomposition (CAD)
Collins (1975) (6n)2°"
Grigor’ev (1985) (6n)°("*
Renegar (1992) (6n)°("*)
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» Time complexity of recognizing a Q-matrix Mis fixed

Cylindrical Algebraic Decomposition (CAD)
Collins (1975) (6n)2°"
Grigor’ev (1985) (6n)°("*
Renegar (1992) (6n)°("*)

Specialized algorithms
Gale (~1965) 22"
Naiman and Stone (1998) 0(20("))
2n
De. Loera and Morris (1999) () ~ 200"
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» Complexity of characterizing Q-matrices Mis symbolic

Cylindrical Algebraic Decomposition (CAD)
Collins (1975) 0(n)2°""
Grigor’ev (1985) O(n)°(n*)®
Renegar (1992) O(n)°("")
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» Complexity of characterizing Q-matrices Mis symbolic

Cylindrical Algebraic Decomposition (CAD)
Collins (1975) 0(n)2°""
Grigor’ev (1985) O(n)0"™)"
Renegar (1992) O(n)°("")

Specialized algorithms
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» Complexity of characterizing Q-matrices Mis symbolic
Cylindrical Algebraic Decomposition (CAD)
Collins (1975) O(n)2*"

Grigor’ev (1985) O(n)°("")°
Renegar (1992) O(n)°(n")

Specialized algorithms

Limited to n = 2.
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» Outline for this talk (haracterizing Q-matrices for n = 3

+ Triangulation with minimal cones

+ An alternatives theorem

+ Holes forn=3

« Symbolic characterization for n = 3
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» Feasibility A simpler problem

w=q+ Mz w q=(I —M) (W)
0<wlz>0
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» Feasibility A simpler problem

w=q+ Mz ~ qZ(I —M) (W)
0<wlz>0

gbelongsto ' = (ey,...,en,—My,...,—Mp)
Under which conditions on M, the cone I' covers R"?
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» Feasibility A simpler problem

w=q+ Mz ~ qZ(I —M) (j)
0<wlz>0

gbelongsto ' = (ey,...,en,—My,...,—Mp)
Under which conditions on M, the cone I' covers R"?

Proposition

Letk>n-+1andgy,..., g denote k non-zero
vectors of R". If (gi, ..., gx) = R" then there exist
i1y 5 ime1, 1 <m< n,suchthat (iy,...,ip1) isa
flat of dimension m.
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» Example

Suppose (g1, ..., gs) = R3.
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» Triangulation Minimal cones

I’ = R™: the space can be triangulated by minimal cones.

Proposition

Assume I' = R". Then for any x € R", there exists a
minimal cone G € (ones(I") containing x, that is G is
full and for any other full cone G' € (ones, G C G
implies G’ = G.
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» Complementary Cones 3 Covering problem

w=q+ Mz s q:(I —M) <VZV)

b=mw-lz=0 w,z>0Aw.z=0

C={(ai,...,an), ai € {I;,—M;}

2" complementarity cones C;

Cones are sewed along their common facets
M is a Q-matrix if all cones cover R”, i.e.

R" C ¥ := UrCy
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» Examples n = 2
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» Dyadic covering Alternatives

The cone (e;, —M;) cannot be partially covered, i.e.,
either (e,', —M,‘) CXor (e,', —M,‘)O C X
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» Dyadic covering Alternatives

The cone (e;, —M;) cannot be partially covered, i.e.,
either (e,', —M,‘) CXor (e;, —M,‘)O C X

The cone (e;, —M,;) is covered if and only if one of
the following intersections occur

as

€1 1
-M 1 €1
as 3
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» Holes n=3
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» Holes n=3

Definition (Surrounding)

A vector g is surrounded if it has a covered
neighborhood. (U C X.)
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» Local Characterization

R3 C ¥ if and only if, for all i, both a; and d; are
surrounded.
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» Local Characterization

Theorem

R? C ¥ if and only if, for all i, both a; and a. are
surrounded.

1561 278921 2029 82117
624 04224 624 224640
523 30971 679 85409
624 04224 624 224640
223 33071 379 437
156 23556 156 56160

75 11175 75 305

13 1963 13 T 312
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» Local Characterization (bis) Symbolic Computation

Assume R? C T. R? = ¥ if and only if, for each i,
either g; is self surrounded or lazily covered.
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» Local Characterization (bis) Symbolic Computation

Theorem

Assume R? C T'. R? = ¥ if and only if, for each i,
either g; is self surrounded or lazily covered.

Self surrounding is equivalent to Q-covering
Lazy covering is a cone membership
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» (-matricesforn = 2

The matrix (mi m?) is a Q-matrix if and only if

m; >0Amy>0Amy>0)
m1>0/\m3:OAm4>0)
m1:0/\m2>0/\m3<0/\m4>0)

(
V(
(
(m <0AMy>0AmM3 <0A0>mmy > mams)
(
(
(

Vv

< <

m1<0/\m2>0/\m3>0/\m2m3>m1m4>0)
V
\/m1>O/\m2<0/\m3>0/\m1m4>m2m3)

m>0Amy<0AmM3 <0AmMmmy > mams)
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» (-matricesforn = 2

The matrix (mi m?) is a Q-matrix if and only if

m; >0Amy>0Amy>0)
m; >0Amg=0Amy > ())
m =0Amy>0Am3<0Amy> ())

(
V(
(
(m <0AMy>0AmM3 <0A0>mmy > mams)
(
(
(

Vv

< <

m <0AmMy>0Amg>0Amoms>mmy > ())
V
Vim >0Amy <0Am3>0Ammy > I712I113)

m>0Amy<0AmM3 <0AmMmmy > mams)

The matrix (mi m?) is a P-matrix if and only if

m; >0Amy>0Ammy > moms .
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» (-matricesforn = 3

oau

s

308 w209 04k mn8 - SRS > 0) || (-n3n8«M2n9 < OML-mEnE +nS R < 0)) bk

1t zme - m2es®

175 Lm0 5 04k a1’ -1 e” > 044 m1* 27 « w2477 - w1 88 - L k8 > O
2175 05 < 08k m1” - L e® < 08l m1® 2 7 w247 w1 8 - Lk <
127 w2t T w8 L 08 04w

12t m2es® |
mmd L) AT (sl m2AT mdm a7
atod’ 0k ns (m1*  na’) 7> 08

) ) > 0k
(mimant - ma (2 e mat e man?) P <) |1 (a2

m1? ) ) ) <o])
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(0204 -1 05) (-1 a2 7 -4 S A7 (1% 047 8] + (-n204 - mL 5] (AL 47 L2 T 5 7 - (- e

Lo n2m8 - mLnS) (-mLe27 - A S a7 - (a1’ - m4"] 58] - (24 m1nS) (-mln207 - m a7 - mémsaT - (-mi’

[ [-m1% 27 -2 4% 7 8 L 7 8 > 01" 2 4+ 2 4”5 - a5 > 0.1 w5 0] ||
1?27 w27 8 L 8 < 0 s w2 - 2 e® S - mL a7 5 < O -m1’ - mLm? < 0] |

s,

>0t (mtt - me?)? (m2md e mins) <)) b
24 105 - 0k n2 nd - m1m2as

skn2mtns - mins

Ohn2nens - mlnSne - 08kn2 (n207 - a1n8) S

nsa7omins) o oss

(7355 57 + 12 06 8T - 13 48 - 1603 - 5254 59 « w1 25 %9
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» (-matricesforn = 3

oau

308 w209 04k mn8 - SRS > 0) || (-n3n8«M2n9 < OML-mEnE +nS R < 0)) bk
1t zme - m2es®

m® o) m8)) <11
175 Lm0 5 04k a1’ -1 e” > 044 m1* 27 « w2477 - w1 88 - L k8 > O

'
12t m2es® '

) ) > 0k

175 LS < 08k w1’ - L é® < 080 m1* 27 w247 1 8 - Lk 8 < )
127 w2 T w8 LA 08 04w (A -1 RS) - ART (12T < mAmS A7 -
(mimanT mi (m1? e man7) ] <0] |1 (-1’ -mimd’ =04k -n4 (1®  na’) 7> 088

m1? ) ) ) <o])
e ey

a1’as cnioelns - 0) |
(17 na)7 > 088 w1 (-m1® )7 (n2ma s mLes) <0) | 8k
(((82 %4 - m185) (-m1m2 87 - 04 85 07 - (-m1? - 4%} 1) + (-2 04 + L 8S) (817 47 L n2 07 - 4 ST~

1t o) )
a1m2ns o aies

[mim2a7 - mamsaT - (-t e m8)

m2mé e mLaS) (mLm2 a7 w7 - mémS 7 - (-ni’ e o8 '
1wt 8k i et -2 e S w85 5 0 86 -1 2T -2 me” 7 <1 - m et n8 5 0] ||
*min® <0k w1 m2nd -2 e’ m S mL a7 S < 04 w1 27 -2 me” 7 < ma s + mL e 8 < )] ||
(n17 m27 + 2 4% 7 1”8 - w47 58 - O -mL (8254 + m18S) - mART (mlm2aT +mémS 07 + (-m1? - na7) ms) > 0k
(0204 -a1n5) (-m1m2a7 - manse7 - (-m®

%) 0] + (-n2na s m1n) (m27 o oa?
(9204 - m105) [-m1m2a7 - mdns a7 - [-m2®

B (10207 mtms a7+ (-m2 - ne?) ms) - 08
7] 18] + (-n2 04 - m10) (m17 - 047wl m2 07 - na mS 7 - (-m1? - ) g
Lo R2m4 - mL0S) (-mL 827 -4 ST - (-1’ - n4%) mB) - (-m2 w4 mLAS) (mL A2 A7 - AT -4 mS AT - [-m1® - na?) ma)
1 27 - 2 4% 7 1m0 > 0 8 2 2 "

P TL L T et
127 w2t T w8 L 08 < 0t w2t - 2 d” 1S - mL e m5 < -1’ -l mt? <0
(2? e n)? > 000

'
b (w2t (m2na e mins) <0)]) 4
((-m2m4 w105 = 026 m2" n4 -1 25 = 01k n2 m4 n5 - mins”

046 m2m4m8 - w105 08 04 a2 (R207 - w18) S (-aS a7« m4n8) > 04k
(7355 57 + 12 06 8T - 13 48 - 1603 - 5254 59 « w1 25 %9

B = = R T

saminz . mans o)) 11
084 n3" 5 a7 0203 06 o7 - 3% 4 8+ 1 23 068

305 6 7 - w206 7 7374 56 58 « 106" 18 + 22 04 16 19
3msa7n0

s1msnens

26719 =34 0809 - =156 78 19 « 52 4 59" - L n5 25"

Input data: 440 Bytes
Characterization: 664 792 Bytes (~ 0.7MB)
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» Neat examples

Example (non-flat and non-pointed cones)

2 1 -1
4 0 —1
3 0 -1
Example (degree £-2)
-1 2 2
1 -1 2
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» Ongoing/Future work

Can we push the used toolbox for n > 47
Is there a way to count holes? (Homology)

Thanks for attending!

More details available here
https://arxiv.org/abs/2203.12333
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