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/MQGRGTCJW (LT?PG?LR 2CRQ



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę 	 SRMLMKMSQ
 .PBGL?PW #GDDCPCLRG?J $OS?RGMLQ

&RQVLGHU WKH V\VWHP

[′1 = I1([1, . . . , [Q) ,
���

[′Q = IQ([1, . . . , [Q)

∗ [′L VWDQGV IRU
G[L
GW

∗ IL : RQ → R FRQWLQXRXV IXQFWLRQV
∗ I := (I1, . . . , IQ) GHILQH D YHFWRU ILHOG RYHU RQ

∗ [ := ([1, . . . , [Q)
∗ WKH HQWLUH V\VWHP LV GHQRWHG E\ [′ = I([)
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/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (LGRG?J 5?JSC /PM@JCK

$VVXPH WKDW VROXWLRQV DOZD\V H[LVW �DW OHDVW ORFDOO\�
DQG DUH XQLTXH �H�J� ORFDO /LSVFKLW] FRQWLQXLW\ RI I LV
VXIILFLHQW WR JXDUDQWHH WKLV SURSHUW\��

∗ /HW ϕ(·, [) GHQRWH WKH VROXWLRQ WR [′ = I([) IRU VRPH [ ∈ RQ

∗ ϕ(·, [) LV GHILQHG RYHU ,[
∗ ,[ LV DQ RSHQ LQWHUYDO FRQWDLQLQJ ]HUR
∗ ,[ LV FDOOHG WKH PD[LPDO LQWHUYDO RI H[LVWHQFH �IRU [�
∗ W > 0 �UHVS� W ≥ 0� GHQRWHV ,[ ∩ (0,+∞) �UHVS�
,[ ∩ [0,+∞)�
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/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę /MQGRGTCJW (LT?PG?LR 2CRQ

*LYHQ V\VWHP RI 2'(V [′ = I([)� D VHW 6 ⊆ RQ LV SRVLWLYHO\
LQYDULDQW LI DQG RQO\ LI QR VROXWLRQ VWDUWLQJ LQVLGH 6 FDQ OHDYH
6 LQ WKH IXWXUH� L�H�

∀ [ ∈ 6. ∀ W ≥ 0. ϕ(W, [) ∈ 6 .
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/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #PMNJCR (Q GR NMQGRGTCJW GLT?PG?LR�
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/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (LRSGRGML -?ESKM³Q RFCMPCK

$ FORVHG VHW 6 ⊆ RQ LV SRVLWLYHO\ LQYDULDQW IRU I LI DQG RQO\ LI�

;cZ &Ja�os ;cZs~Zo Ēdp`s~oJmm�ē

$W HDFK SRLQW RQ WKH ERXQGDU\ RI 6� WKH YHFWRU ILHOG
I ´SRLQWV LQWR WKH LQWHULRU RI 6 RU LV WDQJHQW WR 6µ�

∗ 0� 1DJXPR ������ >LQ *HUPDQ@

∗ -� <RUNH �������
∗ -�0� %RQ\ ������ >LQ )UHQFK@�
∗ +� %UH]LV �������
∗ 3� +DUWPDQ� 0� &UDQGDOO� 5� 5HGKHIIHU ������

>����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę 2KMMRF QS@�JCTCJ QCRQ -?ESKM³Q RFCMPCK

6XSSRVH
∗ J LV FRQWLQXRXVO\ GLIIHUHQWLDEOH� DQG
∗ ∇J([) *= 0 IRU DOO [ VDWLVI\LQJ J([) = 0

7KHQ WKH VXE�OHYHO VHW {[ | J([) ≤ 0} LV SRVLWLYHO\ LQYDULDQW LII�

∀ [. (J([) = 0⇒ ∇J · I([) ≤ 0)

J([) ≤ 0

[

I([)

∇J([)
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/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę !CWMLB /P?ARGA?J 2CRQ

∗ ,PSRUWDQW LQ FRQWURO DQG HQJLQHHULQJ �%ODQFKLQL DQG
0LDQL �����
∗ )RUPDO YHULILFDWLRQ XVLQJ LQWHUDFWLYH DQG DXWRPDWHG
WKHRUHP SURYLQJ �PRUH UHFHQW�

∗ 6 PLJKW QRW EH FORVHG �QRU RSHQ�
∗ 6 LV RIWHQ HQFRGHG DV D VHPL�DOJHEUDLF VHW
∗ 7KH ERXQGDU\ RI 6 PLJKW QRW EH VPRRWK
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5HDO (LBSARGML



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (LBSARGML MTCP LML�LCE?RGTC PC?JQ

$ SUHGLFDWH 3(W) KROGV WUXH IRU DOO W ≥ 0 LI DQG RQO\ LI�
îĆ 3(0)�
ïĆ ∀ W ≥ 0. ¬3(W)→ ∃ ε > 0. ∀ 7 ∈ (W, W− ε). ¬3(7)�
ðĆ ∀ W ≥ 0. 3(W)→ ∃ ε > 0. ∀ 7 ∈ (W, W+ ε). 3(7)�

1~ss Ć̀
´LIµ &RQVLGHU �IRU FRQWUDGLFWLRQ� WKH WLPH W∗ = dp`{W ≥ 0 | ¬3(W)}�
%\ �� DQG �� ZH KDYH WKDW W∗ #= 0� VR W∗ PXVW EH SRVLWLYH� EXW LQ WKLV
FDVH 3(W) KROGV IRU DOO W ∈ [0, W∗) �E\ GHILQLWLRQ�� ,I 3(W∗)� WKHQ W∗ FDQQRW
EH DQ LQILPXP �E\ ���� DQG LI ¬3(W∗) WKHQ �E\ ��� ZH KDYH WKDW ¬3(W)
KROGV IRU DOO W ∈ (W∗ − ε, W∗) IRU VRPH ε > 0� D FRQWUDGLFWLRQ�
´RQO\ LIµ LV REYLRXV�
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/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (LBSARGML MTCP LML�LCE?RGTC PC?JQ

$ SUHGLFDWH 3(W) KROGV WUXH IRU DOO W ≥ 0 LI DQG RQO\ LI�
îĆ 3(0)�
ïĆ ∀ W ≥ 0. ¬3(W)→ ∃ ε > 0. ∀ 7 ∈ (W, W− ε). ¬3(7)�
ðĆ ∀ W ≥ 0. 3(W)→ ∃ ε > 0. ∀ 7 ∈ (W, W+ ε). 3(7)�

1~ss Ć̀
´LIµ &RQVLGHU �IRU FRQWUDGLFWLRQ� WKH WLPH W∗ = dp`{W ≥ 0 | ¬3(W)}�
%\ �� DQG �� ZH KDYH WKDW W∗ #= 0� VR W∗ PXVW EH SRVLWLYH� EXW LQ WKLV
FDVH 3(W) KROGV IRU DOO W ∈ [0, W∗) �E\ GHILQLWLRQ�� ,I 3(W∗)� WKHQ W∗ FDQQRW
EH DQ LQILPXP �E\ ���� DQG LI ¬3(W∗) WKHQ �E\ ��� ZH KDYH WKDW ¬3(W)
KROGV IRU DOO W ∈ (W∗ − ε, W∗) IRU VRPH ε > 0� D FRQWUDGLFWLRQ�
´RQO\ LIµ LV REYLRXV�

>����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (LBSARGML MTCP LML�LCE?RGTC PC?JQ
$ SUHGLFDWH 3(W) KROGV WUXH IRU DOO W ≥ 0 LI DQG RQO\ LI�

îĆ 3(0)�
ïĆ ∀ W ≥ 0. ¬3(W)→ ∃ ε > 0. ∀ 7 ∈ (W, W− ε). ¬3(7)�
ðĆ ∀ W ≥ 0. 3(W)→ ∃ ε > 0. ∀ 7 ∈ (W, W+ ε). 3(7)�

&RQGLWLRQ �� FDQ EH UHSODFHG E\ D ZHDNHU FRQGLWLRQ

∀ W > 0. ¬3(W)→ ∃ 7 ∈ [0, W). ¬3(7) ,

RU LWV FRQWUDSRVLWLYH IRUP

∀ W > 0. 3(W)←
(
∀ 7 ∈ [0, W). 3(7)

)
.

3HWH /� &ODUN� 7KH ,QVWUXFWRU·V *XLGH WR 5HDO ,QGXFWLRQ�0DWKHPDWLFV 0DJD]LQH
������ �����

>����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L 2CRQ #CDGLGRGML

/HW 6 ⊆ RQ� 7KH �pI VHW RI 6 LV GHILQHG DV

�pI(6)
WZ`
= {[ ∈ RQ | ∃ ε > 0. ∀ W ∈ (0, ε). ϕ(W, [) ∈ 6}

�pI(6) LV WKH VHW RI VWDWHV� QRW QHFHVVDULO\ LQ 6� IURP ZKLFK WKH
V\VWHP ZLOO HYROYH LQVLGH 6 IRU VRPH QRQ�WULYLDO WLPH LQWHUYDO
´LPPHGLDWHO\ LQ WKH IXWXUHµ�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę "MLQRPSARGMLQ

îĆ 5HYHUVLQJ WKH IORZ

�p−I(6) = {[ ∈ RQ | ∃ ε > 0. ∀ W ∈ (0, ε). ϕ(−W, [) ∈ 6}

ïĆ &RPSOHPHQWLQJ

�pI(6)F = {[ ∈ RQ | ∀ ε > 0. ∃ W ∈ (0, ε). ϕ(W, [) *∈ 6}

ðĆ ,Q VHW RI WKH FRPSOHPHQW

�pI(6F) = {[ ∈ RQ | ∃ ε > 0. ∀ W ∈ (0, ε). ϕ(W, [) *∈ 6}

7KXV� �pI(6F) ⊆ �pI(6)F �WKH FRQYHUVH GRHVQ·W KROG LQ JHQHUDO��

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę "MLQRPSARGMLQ

îĆ 5HYHUVLQJ WKH IORZ

�p−I(6) = {[ ∈ RQ | ∃ ε > 0. ∀ W ∈ (0, ε). ϕ(−W, [) ∈ 6}

ïĆ &RPSOHPHQWLQJ

�pI(6)F = {[ ∈ RQ | ∀ ε > 0. ∃ W ∈ (0, ε). ϕ(W, [) *∈ 6}

ðĆ ,Q VHW RI WKH FRPSOHPHQW

�pI(6F) = {[ ∈ RQ | ∃ ε > 0. ∀ W ∈ (0, ε). ϕ(W, [) *∈ 6}

7KXV� �pI(6F) ⊆ �pI(6)F �WKH FRQYHUVH GRHVQ·W KROG LQ JHQHUDO��

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę "F?P?ARCPGXGLE NMQGRGTCJW GLT?PG?LR QCRQ TG? PC?J GLBSARGML

;cZs~Zo Ē#d� Z� JmĆ ïíîîē

$ VHW 6 ⊆ RQ LV SRVLWLYHO\ LQYDULDQW XQGHU WKH IORZ
RI WKH V\VWHP [′ = I([) LI DQG RQO\ LI

6 ⊆ �pI(6) DQG 6F ⊆ �p−I(6F) .

1~ss Ć̀
7DNH ´ϕ(W, [) ∈ 6µ DV WKH SUHGLFDWH 3(W)�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #GQRPG@SRGTC NPMNCPRGCQ

�pI(61 ∩ 62) = �pI(61) ∩ �pI(62)

�pI(61 ∪ 62) ⊇ �pI(61) ∪ �pI(62)


s�p�Z~Z�Jo{mZ
[′ = 1 DQG 6 =

{
[ ∈ R | [ ≤ 0 ∨

(
[ > 0 ∧ �dp

(
[−1

)
= 0

)}
�

∗ 0 &∈ �pI(6)
∗ 7KHUHIRUH 0 ∈ �pI(6)F

∗ 0 &∈ �pI(6F)
7KXV� �pI(6 ∪ 6F) = �pI(RQ) = RQ &= �pI(6) ∪ �pI(6F)�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #GQRPG@SRGTC NPMNCPRGCQ

�pI(61 ∩ 62) = �pI(61) ∩ �pI(62)

�pI(61 ∪ 62) ⊇ �pI(61) ∪ �pI(62)


s�p�Z~Z�Jo{mZ
[′ = 1 DQG 6 =

{
[ ∈ R | [ ≤ 0 ∨

(
[ > 0 ∧ �dp

(
[−1

)
= 0

)}
�

∗ 0 &∈ �pI(6)
∗ 7KHUHIRUH 0 ∈ �pI(6)F

∗ 0 &∈ �pI(6F)
7KXV� �pI(6 ∪ 6F) = �pI(RQ) = RQ &= �pI(6) ∪ �pI(6F)�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MD COS?JGRGCQ
/HW J EH DQDO\WLF�

J′ =
Q∑

L=1

∂J
∂[L

IL = ∇J · I

J(ϕ(W, [)) = J([) + J′([)W+ J′′([)W
2

2!
+ · · ·

�pI(J = 0) ≡ J = 0 ∩ J′ = 0 ∩ J′′ = 0 ∩ J′′′ = 0 ∩ · · ·

ZKLFK FDQ EH GHVFULEHG E\ DQ ´LQILQLWH IRUPXODµ�

´ �pI(J = 0) ≡ J = 0 ∧ J′ = 0 ∧ J′′ = 0 ∧ J′′′ = 0 ∧ · · · µ.

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MD COS?JGRGCQ
/HW J EH DQDO\WLF�

J′ =
Q∑

L=1

∂J
∂[L

IL = ∇J · I

J(ϕ(W, [)) = J([) + J′([)W+ J′′([)W
2

2!
+ · · ·

�pI(J = 0) ≡ J = 0 ∩ J′ = 0 ∩ J′′ = 0 ∩ J′′′ = 0 ∩ · · ·

ZKLFK FDQ EH GHVFULEHG E\ DQ ´LQILQLWH IRUPXODµ�

´ �pI(J = 0) ≡ J = 0 ∧ J′ = 0 ∧ J′′ = 0 ∧ J′′′ = 0 ∧ · · · µ.

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MD COS?JGRGCQ
/HW J EH DQDO\WLF�

J′ =
Q∑

L=1

∂J
∂[L

IL = ∇J · I

J(ϕ(W, [)) = J([) + J′([)W+ J′′([)W
2

2!
+ · · ·

�pI(J = 0) ≡ J = 0 ∩ J′ = 0 ∩ J′′ = 0 ∩ J′′′ = 0 ∩ · · ·

ZKLFK FDQ EH GHVFULEHG E\ DQ ´LQILQLWH IRUPXODµ�

´ �pI(J = 0) ≡ J = 0 ∧ J′ = 0 ∧ J′′ = 0 ∧ J′′′ = 0 ∧ · · · µ.

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MD GLCOS?JGRGCQ

J(ϕ(W, [)) = J([) + J′([)W+ J′′([)W
2

2!
+ · · ·

7KH VLWXDWLRQ ZLWK LQHTXDOLWLHV J < 0 LV VLPLODU�
´ �pI(J < 0) ≡ J < 0

∨ (J = 0 ∧ J̇ < 0)

∨ (J = 0 ∧ J̇ = 0 ∧ J̈ < 0)

∨ (J = 0 ∧ J̇ = 0 ∧ J̈ = 0 ∧
���J < 0)

���
µ

:KDW KDSSHQV ZKHQ J DQG I DUH SRO\QRPLDOV"

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MD GLCOS?JGRGCQ

J(ϕ(W, [)) = J([) + J′([)W+ J′′([)W
2

2!
+ · · ·

7KH VLWXDWLRQ ZLWK LQHTXDOLWLHV J < 0 LV VLPLODU�
´ �pI(J < 0) ≡ J < 0

∨ (J = 0 ∧ J̇ < 0)

∨ (J = 0 ∧ J̇ = 0 ∧ J̈ < 0)

∨ (J = 0 ∧ J̇ = 0 ∧ J̈ = 0 ∧
���J < 0)

���
µ

:KDW KDSSHQV ZKHQ J DQG I DUH SRO\QRPLDOV"

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę  QACLBGLE AF?GL AMLBGRGML

∗ R[[1, . . . , [Q] LV 1RHWKHULDQ �+LOEHUW EDVLV WKHRUHP�
∗ $VVXPLQJ D SRO\QRPLDO YHFWRU ILHOG IL ∈ R[[1, . . . , [Q]

/HW S ∈ R[[1, . . . , [Q]� WKHQ WKH DVFHQGLQJ FKDLQ RI LGHDOV

〈S〉 ⊆ 〈S,S′〉 ⊆ 〈S,S′,S′′〉 ⊆ · · ·

LV ILQLWH� L�H� WKHUH H[LVWV D N ∈ N VXFK WKDW
〈S,S′, . . . ,S(N)〉 = 〈S,S′, . . . ,S(.)〉 IRU DOO . ≥ N�

∗ N LV WKH RUGHU RI S Z�U�W� WR I� GHQRWHG s~WI(S)
∗ s~WI(S) LV FRPSXWDEOH XVLQJ *U|EQHU EDVHV

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę  QACLBGLE AF?GL AMLBGRGML

∗ R[[1, . . . , [Q] LV 1RHWKHULDQ �+LOEHUW EDVLV WKHRUHP�
∗ $VVXPLQJ D SRO\QRPLDO YHFWRU ILHOG IL ∈ R[[1, . . . , [Q]

/HW S ∈ R[[1, . . . , [Q]� WKHQ WKH DVFHQGLQJ FKDLQ RI LGHDOV

〈S〉 ⊆ 〈S,S′〉 ⊆ 〈S,S′,S′′〉 ⊆ · · ·

LV ILQLWH� L�H� WKHUH H[LVWV D N ∈ N VXFK WKDW
〈S,S′, . . . ,S(N)〉 = 〈S,S′, . . . ,S(.)〉 IRU DOO . ≥ N�

∗ N LV WKH RUGHU RI S Z�U�W� WR I� GHQRWHG s~WI(S)
∗ s~WI(S) LV FRPSXWDEOH XVLQJ *U|EQHU EDVHV

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę  QACLBGLE AF?GL AMLBGRGML

∗ R[[1, . . . , [Q] LV 1RHWKHULDQ �+LOEHUW EDVLV WKHRUHP�
∗ $VVXPLQJ D SRO\QRPLDO YHFWRU ILHOG IL ∈ R[[1, . . . , [Q]

/HW S ∈ R[[1, . . . , [Q]� WKHQ WKH DVFHQGLQJ FKDLQ RI LGHDOV

〈S〉 ⊆ 〈S,S′〉 ⊆ 〈S,S′,S′′〉 ⊆ · · ·

LV ILQLWH� L�H� WKHUH H[LVWV D N ∈ N VXFK WKDW
〈S,S′, . . . ,S(N)〉 = 〈S,S′, . . . ,S(.)〉 IRU DOO . ≥ N�

∗ N LV WKH RUGHU RI S Z�U�W� WR I� GHQRWHG s~WI(S)
∗ s~WI(S) LV FRPSXWDEOH XVLQJ *U|EQHU EDVHV

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MDSRO\QRPLDO COS?JGRGCQ
/HW J EH DQDO\WLF�

J′ =
Q∑

L=1

∂J
∂[L

IL = ∇J · I

J(ϕ(W, [)) = J([) + J′([)W+ J′′([)W
2

2!
+ · · ·

�pI(J = 0) ≡ J = 0 ∩ J′ = 0 ∩ J′′ = 0 ∩ J′′′ = 0 ∩ · · ·

ZKLFK FDQ EH GHVFULEHG E\ DQ ´LQILQLWH IRUPXODµ�

´ �pI(J = 0) ≡ J = 0 ∧ J′ = 0 ∧ J′′ = 0 ∧ J′′′ = 0 ∧ · · · µ.

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MDSRO\QRPLDO GLCOS?JGRGCQ

J(ϕ(W, [)) = J([) + J′([)W+ J′′([)W
2

2!
+ · · ·

7KH VLWXDWLRQ ZLWK LQHTXDOLWLHV J < 0 LV VLPLODU�

´ �pI(J < 0) ≡ J < 0

∨ (J = 0 ∧ J̇ < 0)

∨ (J = 0 ∧ J̇ = 0 ∧ J̈ < 0)

∨ (J = 0 ∧ J̇ = 0 ∧ J̈ = 0 ∧
���J < 0)

���
µ

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę 2CKG�?JEC@P?GA QCRQ

�pI(61 ∩ 62) = �pI(61) ∩ �pI(62)

�pI(61 ∪ 62) ⊇ �pI(61) ∪ �pI(62)


s�p�Z~Z�Jo{mZ
[′ = 1 DQG 6 =

{
[ ∈ R | [ ≤ 0 ∨

(
[ > 0 ∧ �dp

(
[−1

)
= 0

)}
�

∗ 0 &∈ �pI(6)
∗ 7KHUHIRUH 0 ∈ �pI(6)F

∗ 0 &∈ �pI(6F)
7KXV� �pI(6 ∪ 6F) = �pI(RQ) = RQ &= �pI(6) ∪ �pI(6F)�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (L QCR MD QCKG�?JEC@P?GA QCRQ

6 ≡
O∨

L=1




PL∧

M=1

SLM < 0 ∧
0L∧

M=PL+1

SLM = 0





�pI(6) ≡
O∨

L=1




PL∧

M=1

�pI(SLM < 0) ∧
0L∧

M=PL+1

�pI(SLM = 0)





>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę /== #CAGQGML NPMACBSPC


cZSldpa {~sRmZo

*LYHQ D VHPL�DOJHEUDLF VHW 6 DQG D SRO\QRPLDO
YHFWRU ILHOG I� FKHFN ZKHWKHU 6 LV SRVLWLYHO\
LQYDULDQW IRU I�

îĆ &RQVWUXFW �pI(6)
ïĆ &RQVWUXFW �p−I(6F) �XVLQJ WKH UHYHUVHG IORZ −I��
ðĆ &KHFN WKH VHPL�DOJHEUDLF VHW LQFOXVLRQV 6 ⊆ �pI(6) DQG

6F ⊆ �p−I(6F) XVLQJ H�J� WKH &$' DOJRULWKP �&ROOLQV DQG
+RQJ ������

,Q SUDFWLFH� FKHFNLQJ WKH LQFOXVLRQV QHYHU WHUPLQDWHV�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę /== #CAGQGML NPMACBSPC


cZSldpa {~sRmZo

*LYHQ D VHPL�DOJHEUDLF VHW 6 DQG D SRO\QRPLDO
YHFWRU ILHOG I� FKHFN ZKHWKHU 6 LV SRVLWLYHO\
LQYDULDQW IRU I�

îĆ &RQVWUXFW �pI(6)
ïĆ &RQVWUXFW �p−I(6F) �XVLQJ WKH UHYHUVHG IORZ −I��
ðĆ &KHFN WKH VHPL�DOJHEUDLF VHW LQFOXVLRQV 6 ⊆ �pI(6) DQG

6F ⊆ �p−I(6F) XVLQJ H�J� WKH &$' DOJRULWKP �&ROOLQV DQG
+RQJ ������

,Q SUDFWLFH� FKHFNLQJ WKH LQFOXVLRQV QHYHU WHUPLQDWHV�

>�����@



$VGR 2CRQ



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę $VGR QCRQ

��d� 7Z� Ē
spmZ� ôõē

7KH H[LW VHW RI 6 ⊆ RQ ZLWK UHVSHFW WR WKH ORFDO IORZ
LQGXFHG E\ [′ = I([) LV GHILQHG DV IROORZV�

��d�I(6)
WZ`
= {[ ∈ 6 | ∀ W > 0. ∃ V ∈ (0, W). ϕ(V, [) *∈ 6} .

��d�I(6) LV WKH VHW RI SRLQWV LQ 6 IURP ZKLFK WKH IORZ OHDYHV 6
´LPPHGLDWHO\ LQ WKH IXWXUµ�

∗ ��d�I(6) DQG ��d�−I(6) DUH QRW QHFHVVDULO\ GLVMRLQW
∗ QHLWKHU GR WKH\ FRYHU WKH LQWHUVHFWLRQ 6 ∩ ∂6

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę $VGR QCRQ

��d� 7Z� Ē
spmZ� ôõē

7KH H[LW VHW RI 6 ⊆ RQ ZLWK UHVSHFW WR WKH ORFDO IORZ
LQGXFHG E\ [′ = I([) LV GHILQHG DV IROORZV�

��d�I(6)
WZ`
= {[ ∈ 6 | ∀ W > 0. ∃ V ∈ (0, W). ϕ(V, [) *∈ 6} .

��d�I(6) LV WKH VHW RI SRLQWV LQ 6 IURP ZKLFK WKH IORZ OHDYHV 6
´LPPHGLDWHO\ LQ WKH IXWXUµ�

∗ ��d�I(6) DQG ��d�−I(6) DUH QRW QHFHVVDULO\ GLVMRLQW
∗ QHLWKHU GR WKH\ FRYHU WKH LQWHUVHFWLRQ 6 ∩ ∂6

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę "MLQRPSARGMLQ

îĆ 5HYHUVLQJ WKH IORZ

��d�−I(6) = {[ ∈ 6 | ∀ W > 0. ∃ V ∈ (0, W). ϕ(−V, [) *∈ 6}

ïĆ &RPSOHPHQWLQJ

��d�I(6)F = 6F ∪ {[ ∈ 6 | ∃ W > 0. ∀ V ∈ (0, W). ϕ(V, [) ∈ 6}

ðĆ ([LW VHW RI WKH FRPSOHPHQW

��d�I(6F) = {[ ∈ 6F | ∀ W > 0. ∃ V ∈ (0, W). ϕ(V, [) ∈ 6}

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę "F?P?ARCPGXGLE NMQGRGTCJW GLT?PG?LR QCRQ TG? CVGR QCRQ

$ VHW 6 ⊆ RQ LV SRVLWLYHO\ LQYDULDQW LI DQG RQO\ LI
ERWK ��d�I(6) DQG ��d�−I(6F) DUH HPSW\�

1~ss Ć̀
)RU DQ\ VHW 6 ⊆ RQ� ��d�I(6) = �pI(6)F ∩ 6�

∅ = �pI(6)F ∩ 6︸ ︷︷ ︸
��d�I(6)

⇐⇒ 6 ⊆ �pI(6) ,

∅ = �p−I(6F)F ∩ 6F︸ ︷︷ ︸
��d�−I(6F)

⇐⇒ 6F ⊆ �p−I(6F) .

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #GQRPG@SRGTC NPMNCPRGCQ

��d�I(61 ∩ 62) = (��d�I(61) ∩ 62) ∪ (61 ∩ ��d�I(62))

��d�I(61∪62) ⊆
(
��d�I(61)∩ �pI(62)F

)
∪
(
�pI(61)F∩��d�I(62)

)


s�p�Z~Z�Jo{mZ
[′ = 1 DQG WKH VHWV

61 = {0} ∪
{
[ ∈ R | [ > 0 ∧ �dp

(
[−1) = 0

}
,

62 = {0} ∪
{
[ ∈ R | [ > 0 ∧ �dp

(
[−1) &= 0

}
.

∗ 0 ∈ ��d�I(61) DQG 0 ∈ ��d�I(62)

∗ 0 &∈ �pI(61) DQG 0 &∈ �pI(62)

∗ 0 &∈ ��d�I(61 ∪ 62) �[ ≥ 0 LV D SRVLWLYHO\ LQYDULDQW VHW�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #GQRPG@SRGTC NPMNCPRGCQ

��d�I(61 ∩ 62) = (��d�I(61) ∩ 62) ∪ (61 ∩ ��d�I(62))

��d�I(61∪62) ⊆
(
��d�I(61)∩ �pI(62)F

)
∪
(
�pI(61)F∩��d�I(62)

)


s�p�Z~Z�Jo{mZ
[′ = 1 DQG WKH VHWV

61 = {0} ∪
{
[ ∈ R | [ > 0 ∧ �dp

(
[−1) = 0

}
,

62 = {0} ∪
{
[ ∈ R | [ > 0 ∧ �dp

(
[−1) &= 0

}
.

∗ 0 ∈ ��d�I(61) DQG 0 ∈ ��d�I(62)

∗ 0 &∈ �pI(61) DQG 0 &∈ �pI(62)

∗ 0 &∈ ��d�I(61 ∪ 62) �[ ≥ 0 LV D SRVLWLYHO\ LQYDULDQW VHW�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę $VGR QCR MD NMJWLMKG?J COS?JGRGCQ

��d�I(S = 0) ≡
(
S = 0 ∧ S′ *= 0

∨ S = 0 ∧ S′ = 0 ∧ S′′ *= 0

���
∨ S = 0 ∧ S′ = 0 ∧ S′′ = 0 ∧ · · · ∧ S(s~WI(S)) *= 0

)
.

7KH H[LW VHW RI RSHQ VHWV LV HPSW\� ,Q SDUWLFXODU

��d�I(S < 0) ≡ %

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę $VGR QCR MD NMJWLMKG?J COS?JGRGCQ

��d�I(S = 0) ≡
(
S = 0 ∧ S′ *= 0

∨ S = 0 ∧ S′ = 0 ∧ S′′ *= 0

���
∨ S = 0 ∧ S′ = 0 ∧ S′′ = 0 ∧ · · · ∧ S(s~WI(S)) *= 0

)
.

7KH H[LW VHW RI RSHQ VHWV LV HPSW\� ,Q SDUWLFXODU

��d�I(S < 0) ≡ %

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #CAGQGML NPMACBSPC "M?PQC EP?LSJ?PGRW


cZSldpa {~sRmZo

*LYHQ D VHPL�DOJHEUDLF VHW 6 DQG D SRO\QRPLDO
YHFWRU ILHOG I� FKHFN ZKHWKHU 6 LV SRVLWLYHO\
LQYDULDQW IRU I�

îĆ &RQVWUXFW ��d�I(6)
ïĆ &RQVWUXFW ��d�−I(6F) �XVLQJ WKH UHYHUVHG IORZ −I��
ðĆ &KHFN WKH HPSWLQHVV RI ��d�I(6) DQG ��d�−I(6F) XVLQJ H�J�

WKH &$' DOJRULWKP �&ROOLQV DQG +RQJ ������

%XW WKHQ ZH KLW WKH VDPH ZDOO�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #CAGQGML NPMACBSPC "M?PQC EP?LSJ?PGRW


cZSldpa {~sRmZo

*LYHQ D VHPL�DOJHEUDLF VHW 6 DQG D SRO\QRPLDO
YHFWRU ILHOG I� FKHFN ZKHWKHU 6 LV SRVLWLYHO\
LQYDULDQW IRU I�

îĆ &RQVWUXFW ��d�I(6)
ïĆ &RQVWUXFW ��d�−I(6F) �XVLQJ WKH UHYHUVHG IORZ −I��
ðĆ &KHFN WKH HPSWLQHVV RI ��d�I(6) DQG ��d�−I(6F) XVLQJ H�J�

WKH &$' DOJRULWKP �&ROOLQV DQG +RQJ ������

%XW WKHQ ZH KLW WKH VDPH ZDOO�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #CAMKNMQGRGML RM @?QGA QCKG�?JEC@P?GA QCRQ %GLC EP?LSJ?PGRW

∗ 6 VHPL�DOJHEUDLF VHW HQFRGHG LQ D QRUPDO IRUP∧N
L=1

∨PL
M=1(SLM $%LM 0) �&1)�

∗ SLM ∈ R[[1, . . . , [Q]
∗ P = oJ�L PL

∗ G = oJ�L,M WZa(SLM)
∗ ρ = oJ�L,M s~WI(SLM)

7KHQ ��d�I(6) ∨ ��d�−I(¬6) LV D XQLRQ RI DW PRVW NρPN(ρ+ 1)N−1

EDVLF VHPL�DOJHEUDLF VHWV

T1 $%1 0 ∧ . . . ∧ TV $%V 0 ,

ZKHUH V ≤ P− 1 + N(ρ+ 1) DQG WZa(TM) ≤ G+ ρ(WZa(I)− 1)�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę 1CASPQGTC NPMACBSPC #GTGBC ?LB AMLOSCP

/HW 6 DQG 5 EH WZR VHPL�DOJHEUDLF VHWV� :H GHILQH
&sp�o{��I(6,5) UHFXUVLYHO\ RQ WKH %RROHDQ VWUXFWXUH
RI 6�
&sp�o{��I(6,5) UHWXUQV )DOVH LI DQG RQO\ LI ��d�I(6) ∩ 5
LV HPSW\�

&sp�o{��I($, 5) := 4ZW�SZ (∃[1. . . . ∃[Q. ��d�I($) ∧ 5) ,
&sp�o{��I(61 ∧ 62, 5) := &sp�o{��I(61, 62 ∧ 5)

∨ &sp�o{��I(62, 61 ∧ 5) ,
&sp�o{��I(61 ∨ 62, 5) := &sp�o{��I(61,¬�pI(62) ∧ 5)

∨ &sp�o{��I(62, ¬�pI(61) ∧ 5) ,
&sp�o{��I(¬6, 5) := &sp�o{��I(&Za(6), 5) .

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (6 BCAGQGML NPMACBSPC

;cZs~Zo

$ VHPL�DOJHEUDLF VHW 6 LV SRVLWLYHO\ LQYDULDQW IRU D
V\VWHP RI SRO\QRPLDO 2'(V [′ = I([) LI DQG RQO\ LI

¬
(
&sp�o{��I(6, 3) ∨ &sp�o{��−I(¬6, 3)

)
.

;~JWZĖ``

(6 SURSRVHV D QDWXUDO WUDGH�RII EHWZHHQ WKH ILQH
DQG FRDUVH JUDQXODULWLHV VXJJHVWHG E\ WKH %RROHDQ
VWUXFWXUH RI WKH FDQGLGDWH 6�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę (6 BCAGQGML NPMACBSPC

;cZs~Zo

$ VHPL�DOJHEUDLF VHW 6 LV SRVLWLYHO\ LQYDULDQW IRU D
V\VWHP RI SRO\QRPLDO 2'(V [′ = I([) LI DQG RQO\ LI

¬
(
&sp�o{��I(6, 3) ∨ &sp�o{��−I(¬6, 3)

)
.

;~JWZĖ``

(6 SURSRVHV D QDWXUDO WUDGH�RII EHWZHHQ WKH ILQH
DQG FRDUVH JUDQXODULWLHV VXJJHVWHG E\ WKH %RROHDQ
VWUXFWXUH RI WKH FDQGLGDWH 6�

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę "MKNJCVGRW ?L?JWQGQ -MPK?J DMPKQ

∗ 6 LQ LQ GLVMXQFWLYH QRUPDO IRUP �'1)�
∨N

L=1

∧PL
M=1 $LM

∗ $LM DUH DWRPLF IRUPXODV
∗ P = oJ�L PL

∗ 7KH UHFXUVLRQ GHSWK RI &sp�o{��I(6, 3) LV ERXQGHG E\ N+P
∗ 7KH QXPEHU RI FDOOV WR 4ZW�SZ LV

∑N
L=1PL ≤ NP

∗ (DFK FDOO KDV WKH IRUP 4ZW�SZ ∃[1 . . . ∃[Q.��d�I($UV) ∧ 5UV�
ZKHUH

5UV ≡
PU∧

M=1,M#=V
$UM ∧ ¬�pI




N∨

L=1,L#=V

PL∧

M=1

$LM



 .

$ VLPLODU VWDWHPHQW KROGV IRU FRQMXQFWLYH QRUPDO IRUPV
�&1)��

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę #-% CV?KNJC

6 ≡ ($11 ∧ $12) ∨ $21 ∨ $31 �N = 3� P = P1 = 2� P2 = P3 = 1��

7KH SURFHGXUH &sp�o{��I(6, 3) FDOOV 4ZW�SZ 4 WLPHV�

4ZW�SZ ∃[1 . . . ∃[Q. ��d�I($11) ∧ $12 ∧ ¬�pI($21 ∨ $31)

4ZW�SZ ∃[1 . . . ∃[Q. ��d�I($12) ∧ $11 ∧ ¬�pI($21 ∨ $31)

4ZW�SZ ∃[1 . . . ∃[Q. ��d�I($21) ∧ ¬�pI(($11 ∧ $12) ∨ $31)

4ZW�SZ ∃[1 . . . ∃[Q. ��d�I($31) ∧ ¬�pI(($11 ∧ $12) ∨ $21)

>�����@



$V?KNJCQ



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę 3FC BPMNJCR ���
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/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę ��� GQ JC?IGLEĂ
(6 WRRN ���V WR SURYH IDOVLW\ ZKLOH /== JDYH QR DQVZHU �! �K�
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>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę ,?JRCQC APMQQ QCKG�JGLC?P GLT?PG?LR
(6 SURYHG LQYDULDQFH LQ ���V ZKLOH /== JDYH QR DQVZHU �! �K�
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>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę 2CKG�?JEC@P?GA GLT?PG?LR
(6 SURYHG LQYDULDQFH LQ �V DQG /== LQ ��PQ

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

x

y

>�����@



/MQGRGTCJW (LT?PG?LR 2CRQ 5HDO (LBSARGML $VGR 2CRQ $V?KNJCQ

Ę .LEMGLE�%SRSPC UMPI

∗ ([SHULPHQW ZLWK 5$*/LE
∗ :KDW LV WKH EHVW HQFRGLQJ IRU 6"
∗ :KDW DUH WKH WRSRORJLFDO VSDFHV IRU ZKLFK

�pI(61 ∪ 62) = �pI(61) ∪ �pI(62)"

7KDQNV IRU DWWHQGLQJ�
0RUH GHWDLOV DYDLODEOH KHUH

KWWSV���DU[LY�RUJ�DEV�����������

>�����@
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